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A B S T R A C T 

We investigate the flow of material from highly misaligned and polar circumbinary discs that feed the formation of circumstellar 
discs around each binary component. With 3D hydrodynamic simulations we consider equal mass binaries with low eccentricity. 
We also simulate inclined test particles and highly misaligned circumstellar discs around one binary component for comparison. 
During Kozai–Lido v (KL) c ycles, the circumstellar disc structure is altered through exchanges of disc eccentricity with disc 
tilt. Highly inclined circumstellar discs and test particles around individual binary components can e xperience v ery strong KL 

oscillations. The continuous accretion of highly misaligned material from the circumbinary disc allows the KL oscillations of 
circumstellar discs to be long-lived. In this process, the circumbinary material is continuously delivered with a high inclination 

to the lower inclination circumstellar discs. We find that the simulation resolution is important for modelling the longevity of 
the KL oscillations. An initially polar circumbinary disc forms nearly polar, circumstellar discs that undergo KL cycles. The gas 
steams accreting onto the polar circumstellar discs vary in tilt during each binary orbital period, which determines how much 

material is accreted onto the discs. The long-lived KL cycles in polar circumstellar discs may lead to the formation of polar 
S -type planets in binary star systems. 

Key words: accretion, accretion discs – binaries: general – circumstellar matter. 
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 I N T RO D U C T I O N  

he majority of stars born in dense stellar clusters are part of binary
tar systems (Duquennoy & Mayor 1991 ; Ghez, Neugebauer &

atthews 1993 ; Duch ̂ ene & Kraus 2013 ). The observed orbital
ccentricities of binaries vary with orbital separation (Raghavan
t al. 2010 ; Tokovinin & Kiyae v a 2016 ). For tight binaries, the
ccentricities are small, which implies that there has been circu-
arization of the binary orbit caused by stellar tidal dissipation (Zahn
977 ). More widely separated binaries hav e observ ed eccentricities
anging from e b = 0.39 to 0.59, with a considerable number of highly
ccentric systems with e b > 0.8. The interactions of the binary with
urrounding gas may be responsible for the present-day observed
inary eccentricities (Goldreich & Tremaine 1980 ; Artymowicz et al.
991 ; Artymowicz 1992 ; Armitage & Natarajan 2005 ; Cuadra et al.
009 ; Roedig et al. 2011 ; Mu ̃ noz, Miranda & Lai 2019 ; Zrake et al.
021 ). Circumbinary discs of gas and dust are sometimes observed to
e responsible to be providing accreting material onto the binary (e.g.
lves et al. 2019 ). The gas flow dynamics from the circumbinary disc
nto the binary components has significant implications for planet
ormation scenarios in binary systems. 

Circumbinary discs are commonly observed to be moderately to
ighly misaligned to the binary orbital plane. For example, the pre-
ain sequence binary KH 15D has a circumbinary disc inclined by
 − 16 ◦ (Chiang & Murray-Clay 2004 ; Small w ood et al. 2019 ; Poon,
anazzi & Zhu 2021 ). The radial extent of the disc is narrow and
 E-mail: jlsmall w ood@asiaa.sinica.edu.tw 
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resumed to be rigidly precessing to explain the unique periodic light
urve. A ∼60 ◦ inclined circumbinary disc is found around the main-
equence binary IRS 43 (Brinch et al. 2016 ), along with misaligned
ircumstellar discs around each binary component. There is an
bserved misalignment of about 70 ◦ between the circumbinary disc
nd the circumprimary disc in HD 142527 (Marino, Perez & Casassus
015 ; Owen & Lai 2017 ). Another young binary, HD 98800 BaBb,
as the only observed polar (inclined by ∼90 ◦) gaseous circumbinary
isc (Kennedy et al. 2019 ). The 6–10 Gyr old binary system, 99
erculis, has a nearly polar (about 87 ◦) debris ring (Kennedy et al.
012 ; Small w ood et al. 2020 ). Apart from binaries, stars may also
orm in higher-order systems (Tokovinin 2014a , b ). The circumtriple
isc around the hierarchical triple star system, GW Ori, is tilted by
bout 38 ◦ (Bi et al. 2020 ; Kraus et al. 2020 ; Small w ood et al. 2021a ).

The observations of inclined circumbinary discs have implications
n planet formation models. Observations from space and ground-
ased telescopes reveal that ∼50 per cent of the confirmed exoplanets
eside in binary systems (Horch et al. 2014 ; Deacon et al. 2016 ;
iegler et al. 2018 ). For example, the binary system γ Cep AB
osts a giant planet around the primary star, γ Cep Ab (Hatzes
t al. 2003 ). It is crucial to study the structure and evolution of
rotoplanetary discs since these are the sites for planet formation
D’Angelo & Lissauer 2018 ). A forming planet’s orbital properties
re directly related to the orientation of the protoplanetary disc. For
 xample, the observ ed young binary system XZ Tau shows both
he circumprimary and circumsecondary discs are misaligned to the
inary orbital plane (Ichikawa et al. 2021 ). The binary system HD
42527 shows the presence of a misaligned inner disc around one of
he stellar components, presumably fed from the circumbinary disc
© 2023 The Author(s) 
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Price et al. 2018b ). Furthermore, IRAS 04158 + 2805 is a binary
ystem where the two circumstellar discs and the circumbinary discs 
av e been observ ed to be misaligned (Ragusa et al. 2021 ). Therefore,
ighly inclined circumstellar discs may give birth to planets on highly
ilted orbits. 

Due to viscous dissipation, a misaligned circumbinary disc un- 
ergoes nodal precession and evolves towards either a coplanar or 
olar alignment. For an initially low-inclination circumbinary disc, 
he disc precesses about the angular momentum vector of the binary 
nd e ventually e volves to be coplanar to the binary orbital plane
Facchini, Lodato & Price 2013 ; Foucart & Lai 2014 ). Slightly
isaligned discs around an eccentric binary undergo tilt oscillations 

s they align, due to the non-axisymmetric potential produced by the 
ccentric binary (Small w ood et al. 2019 , 2020 ). For highly inclined
iscs around eccentric orbit binaries, the angular momentum vector 
f the disc precesses about the eccentricity vector of the binary (e.g.
ly et al. 2015 ), which leads the disc to align perpendicular (i.e.
olar) to the binary orbital plane (Martin & Lubo w 2017 ; Lubo w &
artin 2018 ; Zanazzi & Lai 2018 ; Martin & Lubow 2018 ; Cuello &
iuppone 2019 ). A massive circumbinary disc that is undergoing 
olar alignment aligns to a generalized polar state which is less than
0 ◦ (Zanazzi & Lai 2018 ; Martin & Lubow 2019 ; Chen et al. 2019 ).
Circumbinary gas discs contain a central cavity around the binary 

here little material is present. The cavity size is determined by 
here the tidal torque is balanced with the viscous torque (Arty-
owicz & Lubow 1994 ; Lubow, Martin & Nixon 2015 ; Miranda &
ai 2015 ; Franchini, Lubow & Martin 2019b ; Hirsh et al. 2020 ;
agusa et al. 2020 ). The strength of the binary torque on the disc is
ependent on the tilt of the circumbinary disc and binary eccentricity. 
he tidal torque at a given radius is zero when the circumbinary disc

s polar and the binary eccentricity approaches e b = 1 (Lubow &
artin 2018 ) or if the disc is retrograde (e.g. Nixon, King & Price

013 ). In the simplest models, the production of an outward forcing
orque by the binary can prevent circumbinary material from flowing 
hrough the cavity (Lynden-Bell & Pringle 1974 ; Pringle 1991 ). 
o we ver, material from the circumbinary disc flows through the 
inary cavity in the form of gaseous streams (e.g. Artymowicz & 

ubow 1996 ; G ̈unther & Kley 2002 ; Nixon & King 2012 ; Shi et al.
012 ; D’Orazio, Haiman & MacFadyen 2013 ; Farris et al. 2014 ;
u ̃ noz et al. 2019 ; Alves et al. 2019 ). These streams are responsible

or forming and replenishing circumstellar discs around each binary 
omponent. The accretion of material onto the circumstellar discs 
ay aid in the formation of S -type planets, those that orbit one

omponent of a binary. Accretion of material onto the central binary 
ay be suppressed for small disc aspect ratios. 
The structure of a circumstellar disc around one star is strongly

ffected by the tidal field of the binary companion (Papaloizou & 

ringle 1977 ; Artymowicz & Lubow 1994 ; Pichardo, Sparke & 

guilar 2005 ; Jang-Condell 2015 ). Circumstellar discs around each 
inary component undergo tidal truncation. A circumstellar disc in 
 circular orbit binary is typically truncated to about one-third to 
ne-half of the binary orbital separation The tidal truncation radius 
s expected to decrease with increasing binary eccentricity. 

Kozai–Lidov (KL) oscillations (Kozai 1962 ; Lidov 1962 ) have 
een studied e xtensiv ely to analyse several astronomical processes 
nvolving bodies that orbit a member of a binary system that begin on
ighly misaligned orbits. During KL oscillations, the object’s incli- 
ation is exchanged for eccentricity, and vice versa. These processes 
nclude asteroids and irregular satellites (Kozai 1962 ; Nesvorn ́y et al.
003 ), artificial satellites (Lidov 1962 ), tidal disruption events (Chen
t al. 2011 ), formation of Type Ia supernovae (Kushnir et al. 2013 ),
riple star systems (Eggleton & Kisele v a-Eggleton 2001 ; F abryck y &
remaine 2007 ), planet formation with inclined stellar companions 
Wu & Murray 2003 ; Takeda & Rasio 2005 ), giant outbursts in Be/X-
ay binaries (Martin et al. 2014a ; Martin & Franchini 2019 ), inclined
lanetary companions (Nagasawa, Ida & Bessho 2008 ), mergers of 
inaries in galactic nuclei (Blaes, Lee & Socrates 2002 ; Antonini &
erets 2012 ; Hamers et al. 2018 ; Hoang et al. 2018 ; Fragione et al.
019a ; Fragione, Leigh & Perna 2019b ), stellar compact objects
Thompson 2011 ), and blue straggler stars (Perets & F abryck y 2009 ).

A highly misaligned initially circular disc around one component 
f a binary undergoes KL cycles in which its inclination is exchanged
or eccentricity, and vice versa (Martin et al. 2014a ). Due to disc
issipation by viscosity and shocks, these oscillations are typically 
ignificantly damped after a few oscillations. KL oscillations can 
ccur in a fluid disc with a wide variety of disc and binary
arameters (Fu, Lubow & Martin 2015a ). When the disc becomes
ccentric, it o v erflows its Roche lobe and transfers material to the
ompanion star (Franchini, Martin & Lubow 2019a ). Self-gravity 
f a disc can suppress disc KL oscillations if the disc is close to
eing gravitationally unstable (Fu, Lubow & Martin 2015b ). KL 

scillations in a circumstellar disc may have significant consequences 
or planet formation since strong shocks in the gas are produced
uring high-eccentricity phases (Fu, Lubow & Martin 2017 ). 
A misaligned circumbinary disc may form misaligned circumstel- 

ar discs around the individual binary components (e.g. Nixon et al.
013 ; Small w ood, Martin & Lubow 2021b ). A highly misaligned
isc around one component of a binary may be unstable to the
ozai–Lidov (KL) mechanism (Martin et al. 2014a ). Small w ood
t al. ( 2021b ) simulated the flow of gas originating from an initially
isaligned circumbinary disc by 60 ◦. The misaligned gas streams 

hat flow into the binary cavity result in formation of highly tilted
ircumstellar discs around each binary component. The inclined 
ircumstellar discs in turn undergo KL oscillations. Ho we ver, the
L oscillations are long-lived, due to the continuous accretion of 

nclined material from the circumbinary disc. Long-lived KL cycles 
ave important implications for planet formation in binary systems. 
In this work, we extend the previous study Smallwood et al.

 2021b ) and consider more highly inclined circumbinary discs. 
We first revisit the dynamics of highly inclined test particle orbits

round one component of a binary in Section 2 . In Section 3 , we
escribe the setup for our hydrodynamical simulations. In Section 4 ,
e discuss the results of our circumprimary disc simulations. We 

imulate a highly inclined circumprimary disc in a binary to explore
he dynamics of the KL cycles. Previous studies have only dealt
ith circumprimary disc inclinations � 60 ◦, while we consider 
igher tilts, including a polar circumprimary disc. In Section 5 , we
how the results of our hydrodynamical simulations with an initial 
ircumbinary disc, where we consider the flow of material from discs
ith various initial misalignments, including a polar circumbinary 
isc. Finally, a summary is given in Section 6 . 

 KO ZAI –LI DOV  OSCI LLATI ONS  O F  TEST  

A RTI CLES  

efore considering discs, we consider the properties of test particle 
rbits that undergo KL oscillations. As a consequence of the 
onservation of the component of the angular momentum that is 
erpendicular to the binary orbital plane, the test particle’s inclina- 
ion is recurrently exchanged for eccentricity. This conservation is 
xpressed as 
 

1 − e 2 p cos i p ≈ const, (1) 
MNRAS 520, 2952–2964 (2023) 
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Figure 1. Eccentricity (upper panel) and inclination (lower panel) evolution 
of circumprimary test particles under the influence of a circular binary for 
initially circular orbit particles. We vary the initial particle orbital tilt, i 0 , 
beginning with 30 ◦ (black), 45 ◦ (blue), 60 ◦ (red), 75 ◦ (green), 80 ◦ (yellow), 
85 ◦ (purple), and 90 ◦ (pink). The initial orbital radius of the particle is set at 
r 0 = 0.06 a , where a is the separation of the binary. The time is in units of 
binary orbital period P orb . 
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here i p is the particle inclination with respect to the binary orbital
lane and e p is the eccentricity of the test particle. A initially circular
rbit particle initially gains eccentricity while reducing its orbital tilt
i.e. going towards alignment which means higher values of | cos i p | )
nd then circularizes while gaining orbital tilt back to its original
nclination. For an initially circular orbit particle, KL oscillations
nly occur if the initial tilt of the test particle i p0 satisfies cos 2 i p0 

 cos 2 i cr = 3/5 (Innanen et al. 1997 ), which requires that 39 ◦ �
 p0 � 141 ◦. From equation ( 1 ), an initially circular particle orbit can
chieve a maximum eccentricity given by 

 max = 

√ 

1 − 5 

3 
cos 2 i p0 . (2) 

he increase in a circular particle’s eccentricity can be quite signif-
cant. F or e xample, if the particle’s initial orbit is tilted by 60 ◦, the

aximum eccentricity reached during a KL cycle is about 0.75. 
For eccentric binaries, stronger effects from KL oscillations have

een found to exist (Ford, Kozinsky & Rasio 2000 ; Lithwick &
aoz 2011 ; Naoz et al. 2011 , 2013a , b ; Teyssandier, Terquem &
apaloizou 2013 ; Li et al. 2014 ; Liu, Mu ̃ noz & Lai 2015 ). The KL
scillation period for a particle in the potential of an eccentric binary
s approximately given by 

τKL 

P b 
≈ M 1 + M 2 

M 2 

P b 

P 

(1 − e 2 b ) 
3 / 2 , (3) 

Holman, Touma & Tremaine 1997 ; Innanen et al. 1997 ; Kisele v a,
ggleton & Mikkola 1998 ), where M 1 and M 2 are the masses of

he primary and secondary components of the binary , respectively ,

 = 2 π/ 
√ 

GM 1 /a 3 p is the orbital period of the particle with semi-

ajor axis a p , P b = 2 π / �b is the orbital period of the binary, e b is
he binary eccentricity, and �b = 

√ 

G ( M 1 + M 2 ) /a 3 b is the binary
rbital frequency for binary semimajor axis a b . 
To simulate an inclined circumprimary test particle in a binary,

e use the N -body integrator, MERCURY (Chambers 1999 ). The test
article is orbiting the primary companion with an initial tilt i 0 
elative to the binary orbital plane. The binary components have
qual mass so that M 1 = M 2 = M /2, where M is the total mass
f the binary. Fu et al. ( 2015b ) ran numerous test particle orbits
ho wing the ef fects the particle and binary parameters have on the
nduced KL oscillations. Following their work, we model an eccentric
nclined particle around one component of an eccentric binary, more
pplicable to binary systems. 

We first simulate an inclined particle in a circular binary to match
revious results. Fig. 1 shows the eccentricity and inclination of
 circumprimary particle as a function of time that begins on a
ircular orbit. The analytic solution for these test particle orbits
n the quadrupole approximation is given in Lubow ( 2021 ). We
onsider various initial tilts of the test particle orbit. The critical
nclination that the test particle orbit must have to induce KL cycles
s ∼39 ◦. Thus, a particle tilt of 30 ◦ (black line) does not undergo
L oscillations. As the initial inclination of the particle increases,

he KL oscillations become more frequent, and the growth in the
ccentricity becomes more prominent (in agreement with Fig. 1 in
u et al. ( 2015b )). The trough in the inclination profile of a test
article becomes narrower with initial inclination. An initial particle
rbit tilt of 90 ◦ becomes unstable and collides with the primary
tar during the first KL oscillation because the particles eccentricity
xceeds 1.0. The eccentricity of the polar particle increases almost
p to its maximum eccentricity before the tilt begins to change. 
Next, we set the initial particle tilt to 60 ◦ around a slightly eccentric

inary with e b = 0.1, as we will consider in the disc simulations. We
NRAS 520, 2952–2964 (2023) 
odel various initial test particle eccentricities ranging from 0.0
o 0.5. Fig. 2 shows the eccentricity and inclination of eccentric
ircumprimary particles as a function of time in binary orbital
eriods. An inclined circular test particle within an eccentric binary
as an increased frequency in KL oscillations when compared to a
article orbiting one component of a circular binary, as expected by
quation ( 3 ). From Fig. 2 , when the particle eccentricity is increased,
he maximum eccentricity reached during a KL oscillation also
ncreases. Ho we ver, the dif ference between the initial eccentricity
o the maximum eccentricity of the particle decreases as the initial
article eccentricity increases. 
Lastly, we examine the KL mechanism for a nearly polar particle.

rom Fig. 1 , an initially circular orbit particle with an initial orbital
ilt of 85 ◦ is unstable to KL oscillations but is otherwise stable.

e consider a nearly polar orbit particle with an initial orbital tilt
 0 = 85 ◦ around a binary with eccentricity e b = 0.1. In Fig. 3 we
how the particle eccentricity and inclination as a function of time
n binary orbital periods. The various lines correspond to different
nitial particle eccentricities ranging from 0.0 to 0.5. For all values
f the initial particle eccentricity we consider, the particle proceeds
hrough KL cycles in a periodic f ashion. Unlik e the particle beginning
t a tilt of 60 ◦, a nearly polar particle exhibits similar maximum
ccentricity close to unity during a KL oscillation regardless of initial
article eccentricity. The minimum inclination reached during each
L oscillation is roughly independent of particle initial eccentricity.

 H Y D RO DY NA M I C A L - S I M U L AT I O N  SETUP  

e use the smoothed particle hydrodynamics (SPH) code PHANTOM

Price et al. 2018a ) to model gaseous circumbinary and circumstellar
iscs. PHANTOM has been tested e xtensiv ely for modelling misaligned

art/stad338_f1.eps
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Figure 2. Eccentricity (upper panel) and inclination (lower panel) evolution 
of circumprimary test particles under the influence of binary with eccentricity 
e b = 0.1. The initial tilt of the particle orbit is set to 60 ◦. We vary the initial 
particle eccentricity e 0 beginning with e 0 = 0 (black), 0.1 (blue), 0.2 (red), 
0.3 (green), 0.4 (yellow), and 0.5 (purple). The initial orbital radius of the 
particle is set at r 0 = 0.06 a , where a is the separation of the binary. The time 
is in units of binary orbital period P orb . 

Figure 3. Same as Fig. 2 but for nearly polar test particles with an initial 
orbital tilt i 0 = 85 ◦. 
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ircumbinary discs (Nixon 2012 ; Nixon et al. 2013 ; Nixon & Lubow
015 ; Facchini, Juh ́asz & Lodato 2018 ; Small w ood et al. 2019 ;
oblete, Cuello & Cuadra 2019 ; Small w ood et al. 2020 ; Aly &
odato 2020 ; Hirsh et al. 2020 ; Small w ood et al. 2021b ), as well as
isaligned circumstellar discs around individual binary components 
e.g. Martin et al. 2014b ; Do ̆gan et al. 2015 ; Franchini, Martin &
ubow 2020 ). The suite of simulations is summarized in Table 1 . In

his section we describe the setup for the binary star, circumprimary
isc, and circumbinary disc in further detail. 

.1 Binary star setup 

e model the binary star system as a pair of sink particles, with
n initial binary separation a . The binary is not static but rather
volves freely in time. Each sink particle is given an initial mass with
 1 being the primary mass and M 2 being the secondary mass. The

otal binary mass is thereby M = M 1 + M 2 . All of our simulations
ssume an equal-mass binary ( M 1 = M 2 ). In Cartesian coordinates,
he orbit of the binary lies in the x –y plane initially. The binary begins
nitially at apastron along the x -axis. The massive sink particles have
 hard accretion boundary, meaning that when particles penetrate 
he sink accretion radius, the particle’s mass and angular momentum 

re deposited onto the star (e.g. Bate, Bonnell & Price 1995 ). A
arge accretion radius is often used to reduce the computation time
ignificantly by neglecting to resolve close-in particle orbits. In 
his work, ho we ver, we are interested in resolving the formation
nd evolution of the circumstellar material. Therefore, we adopt a 
elatively small accretion radius of 0.05 a for simulations that begin
ith a CBD and an accretion radius of 0.025 a for simulations that
egin with a CPD. Using a smaller accretion radius for the CPD
imulations ensures that the disc lifetime is longer, along with higher
isc resolution. The more eccentric the binary, the smaller the outer
runcation radius for the circumstellar discs (Artymowicz & Lubow 

994 ). Having a small binary eccentricity helps with the resolution of
he circumstellar discs. On the other hand, to have a stable polar CBD,
he binary eccentricity needs to be a non-zero value. The initial binary
ccentricity is set to e b = 0.1, with the binary eccentricity vector along
he positive x -axis. With this value of binary eccentricity, the critical
ilt of the CBD to remain nearly polar is ∼77 ◦ (see equation 33 in

artin & Lubow 2019 ). 

.2 CPD setup 

o model a CPD, we follow the methods of Martin et al. ( 2014b ).
uns 1–5 in Table 1 simulate initially a CPD. The inner and outer
isc radii are set at r in = 0.025 a and r out = 0.25 a , respectively,
ith a initial total disc mass M CPD = 10 −3 M . The CPD consists of
50 000 equal-mass Lagrangian particles. We neglect any effects of 
elf-gravity. The disc surface density profile is initially a power-law 

istribution given by 

( r) = � 0 

(
r 

r in 

)−p 

, (4) 

here we set p = 3/2. We adopt a locally isothermal disc with sound
peed c s ∝ R 

−3/4 , H / r = 0.035 at r = r in , and H / r = 0.02 at r =
 out . With this prescription, the viscosity parameter α and 〈 h 〉 / H are
f fecti v ely constant o v er the radial e xtend of the disc (Lodato &
ringle 2007 ). For the CPD simulations, we take the Shakura &
unyaev ( 1973 ) α parameter to be 0.01. To accomplish this, the SPH
rtificial viscosity coefficients are set as αAV = 0.18 and βAV = 2.0.
he disc is resolved with shell-averaged smoothing length per scale 
eight 〈 h 〉 / H ≈ 0.55. 

.3 CBD setup 

o model an initially flat but tilted gaseous CBD, we follow the
ethods of Small w ood et al. ( 2021b ). Runs 6, 7, and 8 in Table 1
MNRAS 520, 2952–2964 (2023) 
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M

Table 1. The setup of the SPH simulations that includes an initial circumprimary disc (CPD) or circumbinary disc (CBD). 

Model Disc Setup i 0 / ◦ r in / a r out / a α H / r in H / r out # Particles KL unstable? 

run1 CPD 60 0.025 0.25 0.01 0.035 0.02 750 000 Yes 
run2 CPD 70 0.025 0.25 0.01 0.035 0.02 750 000 Yes 
run3 CPD 80 0.025 0.25 0.01 0.035 0.02 750 000 Yes 
run4 CPD 90 0.025 0.25 0.01 0.035 0.02 750 000 Yes 
run5 CPD 100 0.025 0.25 0.01 0.035 0.02 750 000 Yes 
run6 ∗ CBD 60 1.6 2.6 0.1 0.1 0.088 1.5 × 10 6 Yes 
run7 CBD 60 1.6 2.6 0.1 0.1 0.088 750 000 Yes 
run8 CBD 90 1.6 2.6 0.1 0.1 0.088 1.5 × 10 6 Yes 

The table lists the initial parameters beginning with the disc tilt i 0 , inner disc radius r in , outer disc radius r out , α viscosity parameter, disc aspect ratio at inner 
disc radius H / r in , disc aspect ratio at outer disc radius H / r out , the number of particles, and whether or not the circumstellar discs undergo the Kozai–Lidov (KL) 
instability. Note. ∗ Simulation from Small w ood et al. ( 2021b ) 
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escribe the simulations of a CBD. The disc initially consists of
.5 × 10 6 equal-mass Lagrangian SPH particles. We also model a
50 000 particle simulation for a resolution study. The simulations
un for 45 P orb , where P orb is the orbital period of the binary. This is
ufficient time for the forming circumstellar discs to reach a quasi-
teady state. We simulate initially highly misaligned disc inclinations
f i 0 = 60 ◦, 90 ◦. A disc with i 0 = 90 ◦ is in a polar configuration, where
he angular momentum vector of the disc is aligned to the eccentricity
ector of the binary. At the beginning of our simulations, we select
n initial inner disc radius, r in , and outer disc radius, r out , where the
nitial total disc mass, M CBD , is confined. All of the simulations model
 low-mass CBD such that M CBD = 10 −3 M . We choose the CBD to
e radially very narrow and close to the binary orbit. This is done to
aximize the accretion rate onto the binary and hence the resolution

f the circumstellar discs (e.g. Small w ood et al. 2021b ). For our
imulations, we take r in = 1.6 a and r out = 2.6 a . The tidal torque is
eaker at a given radius for a more highly misaligned disc which

llows the inner disc radius to lie closer to the binary than a coplanar
isc (e.g. Lubow et al. 2015 ; Miranda & Lai 2015 ; Lubow & Martin
018 ). The inner truncation radius of a polar CBD is around 1 . 6 a 
Franchini et al. 2019b ), much smaller than the 2 − 3 a expected for
oplanar discs (Artymowicz & Lubow 1994 ). 

The disc surface density profile follows from equation ( 4 ). The
hysical disc viscosity is incorporated by using artificial viscosity
av , which is detailed in Lodato & Price ( 2010 ). By using our
urface density profile and a disc aspect ratio H / r = 0.1 at r in , the
hell-averaged smoothing length per scale height 〈 h 〉 / H and the disc
iscosity parameter α are constant o v er the radial extent of the disc
Lodato & Pringle 2007 ). The CBD is initially resolved with 〈 h 〉 / H

0.11. The parameters for the simulations require a high viscosity
n order to maximize the accretion rate on to the circumstellar discs
nd provide better resolution. We consider a relatively high value for
he Shakura & Sunyaev ( 1973 ) αSS of 0.1. In a more realistic system,
he disc viscosity may be lower. 

In order to more accurately simulate the formation and devel-
pment of circumstellar discs, we adopt the locally isothermal
quation of state of Farris et al. ( 2014 ) and set the sound speed
 s to be 

 s = F c s0 

(
a 

M 1 + M 2 

)q (
M 1 

r 1 
+ 

M 2 

r 2 

)q 

, (5) 

here r 1 and r 2 are the radial distances from the primary and
econdary stars, respectively, and c s0 is a constant with dimensions
f velocity. q is set to 3/4. F is a dimensionless function of position
hat we define below. This sound speed prescription guarantees that
he temperature profiles in the circumprimary and circumsecondary
NRAS 520, 2952–2964 (2023) 
iscs are set by the primary and secondary stars, respectiv ely. F or r 1 ,
 2 	 a , c s is set by the distance from the binary centre of mass. 

To increase the resolution of the circumstellar discs, we include a
unction F in equation ( 5 ) as detailed in Small w ood et al. ( 2021b ).
he purpose of F is to modify the sound speed around each binary
omponent so that the viscous time-scale is longer. This increases
he mass (and hence the resolution) in the steady-state circumstellar
iscs. We take 

 = 

{√ 

0 . 001 , if r 1 or r 2 < r c , 

1 , otherwise , 
(6) 

here r c is the cutoff radius. We set a cutoff radius of r c = 0.35 a
rom each binary component (e.g. Small w ood et al. 2021b ). Using
he prescription mentioned abo v e ensures that the disc aspect ratio
f the circumstellar discs at radius r = 0.1 a is H / r ∼ 0.01, which is
ne-tenth of the disc aspect ratio at the initial inner CBD radius. 

.4 Analysis routine 

e analyse the disc and binary parameters as a function of time. The
arameters include tilt, eccentricity, the longitude of the ascending
ode, mass, and mass accretion rate. To probe the CPD simulations,
e av erage o v er particles in the radial range from 0.025 a to a distance
f 0.30 a . For the CBD simulations, we average over particles in
he radial range from 1.4 a to a distance of 10 a . For the forming
ircumstellar discs, we av erage o v er all particles bound to each binary
omponent (i.e. the specific energies, kinetic plus potential, of the
articles are ne gativ e, ne glecting the thermal energy). The tilt, i , is
efined as the angle between the initial angular momentum vector of
he binary (the z-axis) and the angular momentum vector of the disc.
he longitude of the ascending node, φ, is measured relative to the
 -axis (the initial binary eccentricity vector). 

 H Y D RO DY NA M I C A L  RESULTS  WI TH  A  CPD  

his section considers the evolution of a CPD in the absence of
ccretion from a CBD. This enables us to disentangle the effect
f accretion onto the circumstellar discs. We focus on large CPD
isalignments in an eccentric binary star system. We consider five

ifferent initial disc tilts, 60 ◦ (run1 from Table 1 ), 70 ◦ (run2), 80 ◦

run3), 90 ◦ (run4), and 100 ◦ (run5). Fig. 4 shows the disc tilt,
ccentricity, the longitude of the ascending node, the mass of the
PD, and the accretion rate onto the primary star as a function of

ime in binary orbital periods. The disc e xhibits KL c ycles for each
nitial tilt, where the disc eccentricity and inclination are exchanged.
or a disc with an initial tilt of 60 ◦, Martin et al. ( 2014a ) found that

he first KL oscillation occurred around 10 P orb for a circular binary.
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Figure 4. Evolution of a KL unstable CPD as a function of time in units of the 
binary orbital period P orb . We simulate five different initial disc inclinations, 
which are 60 ◦ (run1 from Table 1 , black), 70 ◦ (run2, blue), 80 ◦ (run3, red), 
90 ◦ (run4, green), and 100 ◦ (run5, yellow). The disc parameters are tilt i 
(panel 1), eccentricity e (panel 2), longitude of the ascending node φ (panel 
3), and disc mass M d (panel 4). The mass accretion rate Ṁ onto the primary 
star is shown in panel 5. 
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Figure 5. The evolution of polar CPD (run4 from Table 1 ). The white circles 
denote the eccentric orbit binary components with an initial binary separation 
of a . The top row shows the initial disc setup. The middle and bottom rows 
show the disc evolution at t = 10 P orb and t = 15 P orb , respectively, where 
P orb is the binary orbital period. The colour denotes the gas surface density, 
with the orange regions being about three orders of magnitude larger than the 
purple regions. The left column shows the x –z plane, and the right column 
shows the y –z plane. At t = 10 P orb , the CPD is highly eccentric due to the 
Kozai–Lidov instability. Also, at this time, a circumsecondary disc is being 
formed from material flowing close to the secondary binary component from 

the eccentric CPD. At t = 15 P orb , the CPD has completely dissipated from 

being accreted onto the primary star and transferring material to the secondary 
star. At this time, there is more material in the newly formed circumsecondary 
disc. 

s  

m  

s  

W  

r
 

F  

0  

s  

A  

i  

a  

c  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/520/2/2952/7017845 by Academ
ia Sinica user on 10 July 2023
n our case, the disc with the same initial tilt undergoes the first KL
scillation much sooner due to the binary having a slightly eccentric 
rbit (see Fig. 12 in Fu et al. 2015a ). Due to viscous dissipation and
he lack of circumbinary material, the KL oscillations damp quickly 
n time. For higher initial inclinations, 70 ◦, 88 ◦, 90 ◦, and 100 ◦, the
iscs do not survive after one KL oscillation for our given sink size.
he discs become very eccentric, which leads to the majority of

he disc material being accreted by the primary star. Increasing the 
esolution of these simulations does not lengthen the disc lifetime. 
o we ver, if we were to use a smaller sink size, then the disc could

urvive through the KL oscillations. A smaller sink size would ensure 
hat a larger portion of the disc could survive. An accretion radius
f ∼ 0 . 01 au is comparable to the size of the star, but we simulate
 larger sink size for computational reasons and to compare with 
he CBD simulations detailed in the next section. The initially polar 
isc’s tilt does not change much from polar before the majority of
he disc is accreted. This is likely a consequence of the high disc
ccentricities that are developed which is consistent with the results 
or test particle orbits (see Fig. 1 ). In the retrograde case, i 0 = 100 ◦, as
he disc eccentricity increases, the inclination also increases, opposite 
o the prograde cases. 
Highly inclined particle orbits experience a large (nearly 180 ◦) 
hift in φ within a small time interval centered about the eccentricity
aximum (see the plot for �( t ) in Fig. 1 of Lubow ( 2021 )). This large

hift does not appear in Fig. 4 or in any of our other phase results.
e are not sure why this is the case. Perhaps the disc is unable to

espond to such a large shift within a short time. 
We further examine the evolution of the polar ( i 0 = 90 ◦) CPD. In

ig. 5 , we show the polar CPD structure at three different times, t =
 P orb , 10 P orb , and 15 P orb . Initially, the polar disc around the primary
tar (left white dot) is edge-on in the x –z plane and face-on y –z plane.
t t = 10 P orb , the disc is at peak eccentricity growth from the KL

nstability. Also, at this time, streams of material from the CPD flow
round the secondary star (right white dot) and begin forming a
ircumsecondary disc. At t = 15 P orb , the CPD has dissipated due
MNRAS 520, 2952–2964 (2023) 
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Figure 6. Resolution study for a CBD that is initially misaligned by 60 ◦. 
The blue curves represent the simulation with initially 1.5 × 10 6 particles in 
the CBD, while the red curves denotes the simulation with initially 750 000 
particles. The first four panels show the disc parameters for the newly forming 
CPD as a function of time in units of the binary orbital period, P orb . The 
disc parameters are tilt i (panel 1), eccentricity e (panel 2), longitude of the 
ascending node φ (panel 3), and disc mass M d (panel 4). The black-dotted 
curve in the third panel denotes the CBD. The lower panel shows the mass 
accretion rate onto the primary star Ṁ pri (panel 5). 
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o accretion onto the primary star and transporting material to the
ircumsecondary disc. The newly formed circumsecondary disc is at
 lower tilt, below the threshold, to induce the KL cycles. 

 H Y D RO DY NA M I C A L  RESULTS  WITH  A  C B D  

n this section, we examine how misaligned and polar circumbinary
aterial flows through the binary cavity and forms circumstellar

iscs around each binary component. We first conduct a resolution
tudy of our earlier work from Smallwood et al. ( 2021b ), modelling
n initially 60 ◦ misaligned CBD. We then focus on the polar CBD
ase. 

.1 Resolution Study 

e examine a CBD with an initial misalignment of i 0 = 60 ◦ with
wo different initial numbers of particles, 1.5 × 10 6 (run6) and
50 000 (run7). The upper four panels in Fig. 6 show the CPD
arameters as a function of time. The bottom panel shows the mass
ccretion rate onto the primary star. The blue curves represent the
NRAS 520, 2952–2964 (2023) 
.5 × 10 6 particle simulation, while the red curves represent the
50 000 particle simulation. Panels 1 and 2 show the evolution of
isc eccentricity and inclination where the forming CPD undergoes
L oscillations from the continuous accretion of material from the
BD. The oscillations damp in time at both resolutions, with the

ower resolution simulation damping more quickly. Therefore, the
scillations are likely limited by resolution. If the accretion time-
cale is long compared to the KL time-scale, we expect the KL
scillations to damp o v er time, similar to the CPD simulations
ithout accretion shown in the previous Section. If the accretion

ime-scale is short compared to the KL time-scale, there should be
o KL oscillations present. In this case, the material mo v es through
he disc faster than it becomes unstable to KL oscillations. We expect
he optimal oscillations when the time-scales are comparable because
he disc refills mass on the time-scale that the oscillations take place.
or the simulation with a 60 ◦ tilted CBD, the accretion time-scales
or the primary and secondary are ∼ 1 . 5 P orb , whereas the KL time-
cale for this simulation is ∼ 5 P orb . The simulation is in the regime
here the accretion time-scale is shorter than the KL oscillation

ime-scale because when the disc becomes eccentric during the KL
scillations, a large amount of disc material is accreted, reducing the
ccretion time-scale. Ho we ver, the accretion time-scale is dependent
n the disc viscosity. In our hydrodynamical simulations, we use
n artificial viscosity to model an expected Shakura & Sunyaev
 1973 ) viscosity coefficient. The number of Lagrangian particles
etermines how close the artificial viscosity is to the actual value.
hus, the α is artificially higher at lower resolutions, leading to a
horter accretion time-scale. For our higher-resolution simulation,
he α is lower, leading to a longer accretion time-scale. 

Panel 3 in Fig. 6 shows the longitude of the ascending node as
 function of time. The precession rate of the CPD is only slightly
aster than the CBD on average. In the absence of the effects of KL
scillations, the nodal precession rate of the primary disc, assuming
onstant surface density � out to disc radius r from the primary, is
iven by 

 pr = − 15 M 2 r 
3 

32 M 1 a 
3 
b 

cos ( i) �( r) , (7) 

here i is inclination angle of the primary disc relative to the binary
rbital plane and � = 

√ 

GM 1 /r 3 is the angular velocity in the disc
Larwood et al. 1996 ). With r = 0 . 35 a b , we find ω pr = 6 ◦/ P orb with
 revolution period of ∼ 56 P orb . Therefore, the circumstellar discs
hould have nodally precessed 75 per cent of a revolution in 45 P orb .
n panel 3 we see that the circumstellar discs have only completed
oughly 30 per cent of a nodal revolution. It is possible that the
ircumprimary phase is affected by the phase of accreted gas from the
BD that undergoes relatively slow nodal precession. As discussed

n Section 4 , KL oscillations modify the nodal precession rate of
 test particle in a way that we do not see in the disc simulations.
astly, the mass in the CPDs oscillates in time, with the troughs
orresponding with each high eccentricity period. During each high
ccentricity phase, the accretion rate peaks as seen in panel 5. 

.2 Polar discs 

n this section, we present a hydrodynamical simulation of the flow
f material from a polar CBD onto the binary components (run8).
he top row of Fig. 7 shows the initial configuration of the polar CBD
round an eccentric binary. The bottom row shows the disc structure
t t = 25 P orb . The CBD remains nearly polar ( ∼90 ◦) as shown in the
 –z plane. Material flows from the polar CBD and forms nearly polar
ircumstellar discs around each binary component. The cavity size

art/stad338_f6.eps
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Figure 7. The formation of polar circumstellar discs from an initially low- 
mass polar CBD (run8). The white circles denote the eccentric orbit binary 
components with an initial binary separation of a . The upper panels denote 
the initial disc setup, while the bottom panels show the disc evolution at 
t = 25 P orb , where P orb is the binary orbital period. At this time, nearly polar 
circumstellar discs are forming around each binary component. The colour 
denotes the gas density using a weighted density interpolation, which gives 
a mass-weighted line of sight average. The yellow regions are about three 
orders of magnitude larger than the purple. The left column shows the x –z 

plane, and the right column shows the y –z plane. 
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Figure 8. Simulation results for run8 for an initially polar CBD. The 
disc parameters are shown for the circumprimary , circumsecondary , and 
circumbinary disc as a function of time in units of the binary orbital period, 
P orb . The upper four panels show the disc tilt i (panel 1), eccentricity e (panel 
2), longitude of the ascending node φ (panel 3), and disc mass M d (panel 4) 
for the three discs. The lower panel shows the mass accretion rate onto the 
sinks Ṁ (panel 5). 
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s smaller in the polar disc compared to a coplanar disc simulation
s expected (Lubow et al. 2015 ; Miranda & Lai 2015 ). 

The upper four panels in Fig. 8 show the inclination, eccentricity, 
he longitude of the ascending node, and disc mass for the three
iscs as a function of time in binary orbital periods. The lower
anel shows the mass accretion rate onto the sinks. The circumstellar 
iscs form at a time of ∼ 10 P orb , later than in the simulation with
 lower level of CBD misalignment. The CBD tilt evolves in time.
ince we model a disc with a non-zero mass, it will align to a
eneralized polar state with an inclination that is < 90 ◦ (e.g. Martin &
ubow 2019 ; Chen et al. 2019 ). In this case, the circumstellar discs

orm slightly retrograde, with a tilt just abo v e 90 ◦. The primary and
econdary discs form with an eccentricity of ∼0.25. Ho we ver, the
olar circumstellar discs undergo the KL instability, which forces 
he disc eccentricity and tilt to oscillate in time. Looking at panels
 and 2, we see that as the disc eccentricity increases, the disc tilt
lso increases, the opposite of the conventional KL case involving 
rograde orbits. Ho we ver, this result is consistent with the KL
echanism for retrograde orbits. Panel 3 shows the evolution of the 

ongitude of the ascending node in time. Since the circumprimary 
nd circumsecondary discs are nearly polar, they exhibit very little 
recession (see equation 7 and discussion below it). The mass of the
olar circumstellar discs oscillates in time (panel 4), likely due to the
scillating disc eccentricity. The polar CBD has lost ∼25 per cent of
ts initial mass. 

The KL oscillations from Fig. 8 damp in time. Ho we ver, from
ur resolution study, the damping is primarily due to the initial 
umber of particles. The accretion time-scale for this simulation 
s ∼ 15 P orb , and the KL time-scale in this case is ∼ 10 P orb . The
ccretion time-scale is longer in the polar simulation than in the
0 ◦ simulation because the polar circumstellar discs become less 
ccentric during each KL cycle, accreting less disc material. For a
igher resolution, we expect the KL oscillations to be long-li ved e ven
or polar circumstellar discs. 

On the bottom-left panel in Fig. 7 , we see that some material is
ung out of the disc plane on both sides of the polar CBD. This
aterial forms two lobes on both sides of the disc. Fig. 9 shows

he edge-on view of the disc surface density, along with the velocity
ectors. The material is being flung outwards but remains bound to
he binary. Therefore, the material then falls back into the gap region
f the CBD. Throughout the simulation, the material is periodically 
ung out every 0 . 5 P orb when the binary components pass through

he polar CBD plane. 
We further examine the flow of polar circumbinary material onto 

he forming circumstellar discs. First, we investigate the tilt of the
aseous streams that accrete onto the circumstellar discs as a function
f time. Fig. 10 shows the CBD tilt as a function of disc radius. The
nner edge of the disc lies roughly at 1.6 a . The curves that are shown
t radii < 1.6 a map the tilt of the streams. We show the disc tilt
or a full binary orbital period from 20 P orb to 21 P orb in increments
MNRAS 520, 2952–2964 (2023) 
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Figure 9. Edge-on view ( x –z plane) of a polar CBD (run8) at a time t = 

5 P orb . We ignore the main portions of the disc confined within r < 0.45 a b , 
where a b is the separation of the binary. The binary components are shown 
as the green dots. The colours denote the disc surface density, with the 
orange regions being about three orders of magnitude larger than the purple 
re gions. We o v erlay the v elocity v ectors shown by the black arrows. The 
length of the arrow is proportional to the velocities of the particles. We see 
two asymmetric lobes of material that are produced by the binary. Several of 
the velocity vectors are directed away from the plane of the CBD; ho we ver, 
the material then falls back onto the disc gap. 

Figure 10. CBD tilt, i , as a function of radius, r , for the polar CBD. The 
colour corresponds to the time in binary orbital periods, P orb . 
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f 0 . 1 P orb . At every 0 . 5 P orb , the tilt of the streams are low at ∼80 ◦.
hen the binary orbital period is not at half increments, the tilt of the

treams increases beyond 90 ◦. For example, at times 20 . 2 − 20 . 3 P orb 

nd 20 . 6 − 20 . 7 P orb , the streams are highly tilted. Recall that the
orming circumstellar discs initially form at a high disc tilt, > 90 ◦.
herefore, whenever the gaseous streams are highly tilted, there is
n increased accretion of material onto the circumstellar discs from
he CBD. When the streams are less inclined, every 0 . 5 P orb , there
ill be less material accreted onto the polar circumstellar discs.
his phenomenon is also consistent with Fig. 9 , where material is
ung out of the plane of the CBD every 0 . 5 P orb . We test this by
urther visualizing the inflow of material. Fig. 11 shows snapshots
f zoomed-in views in the x –z and y –z planes of the disc surface
ensity, showing the gaseous streams accreting onto the nearly polar
ircumstellar discs. The snapshots show the flow of material o v er
0 P orb to 20 . 9 P orb in increments of 0 . 1 P orb . Higher density streams
ccur at times 20 . 3 P orb and 20 . 7 P orb . The flow of material decreases
very 0 . 5 P orb during the orbit. At these times, the steams are less
ense, leading to less material accreting onto the circumstellar discs.
We relate the flow of material from Fig. 11 to the mass of the

ircumstellar discs. Fig. 12 shows the mass of the CPD from 20 P orb 

o 25 P orb folded on top of one another for each orbital period. The
ertical dashed-lines denote the times when the binary is aligned with
he CBD plane, which is assumed when the stars are both aligned
ith x –z plane. Each time the binary aligns to the plane of the disc,

he masses of the circumstellar discs increase. The mass of the disc
ecreases every 0 . 5 P orb . This behaviour repeats every orbital period.
verall, the disc mass deceases in time due to the KL mechanism. 

 SUMMARY  

n this work, we investigated the flow of material from a CBD
hat results in the formation circumstellar discs around each binary
omponent. We simulated an initially highly misaligned and polar
BD using 3D SPH. We considered cases of low-initial binary
ccentricity (typically e b = 0.1) and binary mass ratio of unity. We
lso simulated cases of test particles around the primary star and
ases of CPDs only (i.e. no circumbinary or circumsecondary discs)
or comparison. 

In order to carry out these simulations in a reasonable amount of
ime, we made some compromises on our choice of parameters. In
articular, we introduced a higher viscosity parameter for the CBD
han is likely to occur and a lower temperature of the gas in the
ap region. These choices were made to impro v e the resolution of
he simulations. Even with these parameters, the resolution is still
laying a role in our results (see Fig. 6 ). While we have chosen
he disc parameters ( α and H / R ) in our simulations to maximize
he accretion rate on to the binary components and therefore the
imulation resolution, we expect the general behaviour to persist
or more realistic parameters applicable to protoplanetary discs. The
ass of the circumstellar disc scales with the infall accretion rate.

f the resolution of the circumstellar disc is too poor, then the disc
rtificially accretes rapidly due to the artificially enhanced effects of
iscosity at low density in the SPH code. 
We first examined the behaviour of initially highly inclined

ircumstellar discs that are not supplied with material from a
BD. A polar test particle in orbit around a primary star reaches
n eccentricity of nearly unity during the first KL cycle, forcing
he particle to become unbound or hit the central star. Similarly,
nitially highly inclined circumstellar discs around individual binary
omponents can experience very strong KL oscillations. For an
qual mass binary containing only a single circumstellar disc at high
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Figure 11. Zoomed-in snapshots of the disc surface density showing the flow of material from a polar CBD onto the nearly polar circumstellar discs. The 
white circles denote the eccentric orbit binary components with an initial binary separation of a . The colour denotes the gas density using a weighted density 
interpolation, which gives a mass-weighted line of sight average. The yellow regions are about three orders of magnitude larger than the purple. We view the 
orbit of the binary in the x –z and y –z planes. The snapshots show a period from 20 P orb to 20 . 9 P orb in increments of 0 . 1 P orb , where P orb is time in binary orbital 
periods. 
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Figure 12. The CPD mass evolution during one binary orbital period, P orb , 
at times 20 − 21 P orb (blue), 21 − 22 P orb (red), 22 − 23 P orb (yellow), 23 −
24 P orb (purple), and 24 − 25 P orb (green). The mass of the disc decreases 
every 0 . 5 P orb . The vertical-dashed lines denote the times when the binary 
is aligned with the CBD plane during 20 − 21 P orb . An increased flow of 
material onto the circumstellar discs occurs when the binary is aligned with 
the CBD plane. 
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nclination between 70 ◦ and 100 ◦, the disc undergoes only a single
L oscillation before losing nearly all its mass for our given sink size.
ome of the disc mass is transferred to the companion star to form
 low inclination disc that does not undergo KL oscillations. These
esults suggests that such high inclinations of discs are short-lived
ue to enhanced dissipation from shocks that leads to tilt evolution
n short time-scales. In contrast, discs that are highly inclined but are
ot subject to KL oscillations would undergo much slower evolution.
n particular, a polar disc would not precess (see e.g. equation ( 7 ))
nd therefore not warp. The disc would then not be subject to torques
hat act to change its inclination. 

In this work, and from Smallwood et al. ( 2021b ), we showed
hat the continuous accretion of material from the CBD allows the
ffects of KL oscillations on circumstellar discs to be much longer-
ived. In this process, the circumbinary material is continuously
elivered with a high inclination to the lower inclination circumstellar
iscs. We found that the simulation resolution is important for
odelling the longevity of the KL oscillations. We find longer

ived KL oscillations that show signs of mild weakening in time,
ossibly due to the resolution (e.g. Fig. 6 ). The balance between
he accretion time-scale and the KL time-scale determines whether
he oscillations are sustained or damp in time. If the circumstellar
isc material were to accrete on a much shorter time-scale than the
L oscillation period, we would not expect the KL oscillations to
perate. We found that with increasing resolution, the accretion time-
cale becomes comparable to the KL time-scale, fa v ouring sustained
L oscillations. 
Planet formation is thought to still occur in non-zero eccentricity

iscs (Silsbee & Rafikov 2021 ). In the case of S -type planets (planets
rbiting one of the stellar companions in a binary), gravitational
erturbations from an eccentric orbit stellar companion and an
NRAS 520, 2952–2964 (2023) 
ccentric disc increase planetesimal eccentricities, leading to colli-
ional fragmentation, rather than gro wth, of planetesimals. Ho we ver,
afikov & Silsbee ( 2015 ) analysed the planetesimal motion in
ccentric protoplanetary discs when the planetesimals were affected
y gas drag and disc gravity. They found that the planetesimals could
ithstand collisional fragmentation and erosion, thereby providing
 pathway to forming planetary cores by coagulation in a binary.
t is not clear how those results carry o v er to the case of highly
ccentric discs undergoing KL oscillations. Ho we ver, the formation
f nearly polar circumstellar discs from this work may give rise to
he formation of nearly polar planets that become Kozai-unstable.
lanet formation in a polar circumstellar disc requires the disc to

ast for a sufficiently long time. We speculate that this is possible
rovided that the disc is continuously accreting material in a polar
onfiguration. 

Observations of misaligned planetary systems show a preference
or nearly polar orbits with true obliquities ψ in the range ψ = 80 ◦ −
25 ◦ (Albrecht et al. 2021 ; Dawson & Albrecht 2021 ). For example,
wo observed ultra-short-period hot Jupiters in polar orbits around
n A-type star are Kelt-9b (Ahlers et al. 2020a ) and MASCARA-4b
Ahlers et al. 2020b ). The majority of planets studied by Albrecht
t al. ( 2021 ) were hot Jupiters, since the measurements for these types
f planets are more precise. Ho we ver, a fe w warm-Neptunes with
olar orbits were observed, including HAT-P-11b (Sanchis-Ojeda &
inn 2011 ), GJ 436b (Bourrier et al. 2018 , 2022 ), HD 3167c (Dalal

t al. 2019 ; Bourrier et al. 2021 ), and WASP-107b (Dai & Winn 2017 ;
ubenzahl et al. 2021 ). A more recent warm Neptune, GJ 3470b, is
lso observed to be on a polar orbit (Stef ̀ansson et al. 2022 ). 
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